In the classical framework of local distributed network computing, it is generally assumed that the entities executing distributed algorithms are altruistic. However, in various scenarios, the value of the output produced by an entity may have a tremendous impact on its future. This is for instance the case of tasks such as computing maximal independent sets (MIS) in networks. Indeed, a node belonging to the MIS may be later asked more than to a node not in the MIS -e.g., because MIS in networks are often used as backbones to collect, transfer, and broadcast information, which is costly. In this paper, we revisit typical local distributed network computing tasks in the framework of algorithmic game theory. Specifically, we focus on the construction of solutions for locally checkable labeling (LCL) tasks, which form a large class of distributed tasks, including MIS, coloring, maximal matching, etc., and which have been studied for more than 20 years in distributed computing.
Introduction

Context and Objective
In the conceptual framework of local distributed computing in networks [27] , algorithms solving tasks such as minimum-weight spanning tree, maximum matching, coloring, maximal independent set, etc., usually assume that every node of the network will obey their instructions. This might be appropriate in a context in which each node is altruistic and/or oblivious to its output. However, there exist several settings in which the future of a node depends on its output. For instance, independent sets and dominating sets can be used as backbones to collect, transfer, and broadcast information, and/or as cluster heads in clustering protocols [16, 20] . Hence, belonging to the independent set or to the dominating set may generate future costs in term of energy consumption, computational efforts, and bandwidth usage. As a consequence, rational selfish nodes might be tempted to deviate from the instructions of the algorithm, so that to avoid becoming member of the independent set or dominating set under construction. On the other hand, the absence of a backbone or of cluster heads may penalize the nodes. Hence every node is subject to a tension between (1) facilitating the construction of a solution, and (2) avoiding certain types of solutions. The objective of this paper is to design algorithms enabling to resolve this tension.
For example, a large class of randomized maximal independent set (MIS) algorithms [1, 19] proceed in rounds, where a round allows every node to exchange information with its neighbors in the network. Roughly, at each round, every node i which has not yet decided proposes to enter the MIS with a certain probability p i . If a node proposes itself to enter the MIS, and none of its neighbors is also proposing itself to enter the MIS, then it enters the MIS. If two adjacent nodes simultaneously propose themselves to enter the MIS, then there is a conflict, and both nodes remain undecided. The quality of the algorithm heavily depends on the choice of the probability p i that node i proposes itself to enter the MIS, which may typically depend on the degree of node i, and may vary along with the execution of the algorithm as node i accumulates more and more information about its neighborhood. Hence, a node i aiming at avoiding entering the MIS might be tempted to deviate from the algorithm by setting p i small. However, if all nodes deviate in this way, then the algorithm may take a very long time before converging to a solution.
Coloring is another example where nodes may adopt selfish strategies to avoid some specific solutions. This is for instance the case where coloring is viewed as an abstraction of frequency assignment in radio networks. Some frequencies might be preferred to others because, e.g., some frequencies might be conflicting with local devices present at the node. As a consequence, not all colors are equal for the nodes, and while each node is aiming at constructing a coloring quickly (in order to take benefit from the resulting radio network), it is also aiming at avoiding being assigned a color that does not please it. Now, similarly to MIS construction, a large class of randomized coloring algorithms proceed in rounds, roughly as follows (see, e.g., [3] ). At each round, every node that has not yet decided a color (1) picks a color uniformly at random among the available colors (i.e., among a given palette, but the colors already decided by neighboring nodes), (2) checks whether this color is conflicting with the random colors picked by the neighbors, and (3) decides this color in absence of conflicts. If a node has preferences to some colors, then it might be tempted to give more weight to its preferred colors in its random choices. Again, if all nodes deviate this way, then the algorithm may take a long time before converging to a solution, if converging at all.
In this paper, we address the issue of designing distributed algorithms that are robust to selfish behaviors of the nodes. Obviously, algorithmic game theory has been conceived especially for tackling such issues. So, more precisely, we are aiming at answering the following question:
Existence of algorithms coping with non-cooperative behavior: Do there exist some forms of equilibria in the games formalizing distributed tasks such as the one sketched above? That is, do there exist strategies, i.e., probability distributions over the random choices to be made by each node at each round, from which no rational selfish players have incentive to deviate? More importantly, if such equilibria exist, are they corresponding to efficient algorithms for solving the tasks?
Our Results
First, we define LCL games, induced by a generic form of randomized algorithms for constructing solutions to locally checkable labeling (LCL) tasks (cf. Section 2). Recall that locally checkable labeling tasks [21] form a large class of classical problems, including maximal independent set, coloring, maximal matching, minimal dominating set, etc., studied for more than 20 years in the framework of distributed computing.
Next, we observe that classical frameworks for algorithmic game theory do not fully capture the essence of distributed games (cf. Section 3). Moreover, we show that the classical notion of Nash equilibria is not sufficient to characterize desirable distributed algorithms, i.e., efficient and robust to the selfish behaviors of the nodes. In particular, we show that there are Nash equilibria which correspond to algorithms whose running times, i.e., number of rounds, are arbitrarily large (cf. Proposition 1).
In contrast, we show that the stronger notion of trembling-hand perfect equilibria (a subset of Nash equilibria) does not suffer from the above problem. In fact, trembling-hand perfect equilibrium is a notion of equilibrium that is well suited to the purpose of designing efficient and robust randomized distributed algorithms for LCL tasks. Indeed, trembling-hand perfect equilibria are limits of Nash equilibria of perturbed games, that is, games in which players must play completely mixed strategies (i.e. strategies in which each action has a constant probability of being played). As such, trembling-hand perfect equilibria do not suffer from the undesirable phenomenons of players blocking each other for an arbitrarily long time. Indeed, this phenomenon results from weakly dominated strategies that stick to Nash equilibria in which players repeat the same choices again and again for an arbitrarily long amount of time.
We prove that all LCL games whose solution can be constructed by a greedy sequential algorithm, such as MIS, (∆ + 1)-coloring, maximal matching, etc., have trembling-hand perfect equilibria. Specifically, our main result is the following: Theorem 1 Let L be a greedily constructible locally checkable labeling. The game associated to L has a symmetric trembling-hand perfect equilibrium.
This result is achieved by establishing a general result, of independent interest, stated below as a lemma:
Lemma 1 Every infinite, continuous, measurable, well-rounded, symmetric extensive game with perfect recall and finite action set has a symmetric trembling-hand perfect equilibrium.
Our results open a new line of research aiming at designing distributed algorithms that are not only efficient, but also robust to selfish behaviors of the nodes. Indeed, Theorem 1 establishes that such algorithms exist, for all "natural" locally checkable labeling (LCL) tasks.
Additional Related Work
The readers interested in specific important distributed network computing problems such as MIS and (∆ + 1)-coloring are invited to consult [9, 12, 15] and the references therein for the most recent advances in the field. See also [31] for a survey, and [5, 8, 21] for results on derandomization techniques for LCL tasks.
Other forms of game theoretic approaches have been studied in the past, in the context of distributed computing, and/or using a distributed computing approach for solving graph problems. In [6] , the authors study programming incentives to the programmers for writing codes that are efficient for the overall system while optimizing individual programs performances, in the context of transactional memory. In [2] , the authors describe and analyze ways of computing max-cuts by interpreting these cuts as the pure Nash equilibria of an n-player non-zero sum game, each vertex being an agent trying to maximize her selfish interest.
The papers the most closely related to our work are [23, 24, 25] . In the survey [23] , the author addresses several problems related to distributed computing, under a large spectrum of different models. It is shown that standard mechanism design techniques (e.g., Vickrey-GrovesClark mechanism) can be applied to some of these problems. However, such an application requires a central authority which knows everything about the system, except of course the players private information. On the other hand, the paper also describes and analyzes a two-step algorithm for solving MIS on paths, where the players are bounded to communicate only with their neighbors. The algorithms however requires a trusted entity that distributes payments to the players. The class of best-response mechanisms is studied in [25] . Such mechanisms apply to strategic games with a unique equilibrium, in which the players proceed by repeatedly best-respond to each other. Several important problems can be casted in this framework, including the BGP protocol, TCPlike games, among others. However, for applying the mechanism, the underlying game must have a unique equilibrium (plus other technical conditions), and the players are oblivious about the time required to compute the solution. Even the first condition alone may not be satisfied by LCL games (it is typically not satisfied by the MIS game).
In contrast to the above, our setting does not assume any central entity nor payments, it applies to general graphs and to all "natural" LCL tasks (including MIS). We prove the existence of suited algorithms in this general setting.
LCL Games
LCL languages
Our framework is distributed network computing, for which we adopt the following standard setting (see, e.g., [10] ). Let A be a finite alphabet. A network configuration is a pair (G, s) where G = (V, E) is a simple connected graph, and s : V → A is a state function, assigning a state s(v) ∈ A to every node v ∈ V . A distributed language over a graph family F is a Turing computable set L of configurations such that, for every graph G ∈ F, there is a state function s for which (G, s) ∈ L. The class LCL, for locally checkable labeling, has been defined in [21] . Let ∆ ≥ 2, and let F ∆ be the family of simple connected graphs with maximum degree ∆. An LCL language over F ∆ is a distributed language defined by a set of balls of radius at most t in graphs belonging to F ∆ , for some t ≥ 0, with nodes labeled by values in A. These balls are called the good balls of L. The set of good balls of an LCL language L is denoted by good(L). The parameter t is called the radius of L. Throughout the paper, we shall solely consider graphs with degrees upper bounded by some ∆ ≥ 2, and thus we ignore the index ∆ in F ∆ in the following.
For instance, MIS is the LCL language of radius 1 with A = {0, 1}, where good(L) is the set of balls with radius 1 centered at a node v, such that either s(v) = 0 and there exists a neighbor w of v with s(w) = 1, or s(v) = 1 and s(w) = 0 for every neighbor w of v. Similarly, (∆ + 1)-coloring is the LCL language of radius 1 with A = {1, . . . , ∆ + 1}, where good(L) is the set of balls with radius 1 whose center v satisfies s(v) = s(w) for every neighbor w of v.
Every LCL language L induces an associated construction task. Given G ∈ F, each of its nodes v has to compute a value s(v) ∈ A such that (G, s) ∈ L. In order to guarantee the existence of efficient distributed algorithms for solving the task induced by L, we consider a subclass of LCL languages, called greedily constructible. Roughly, an LCL language L is greedily constructible if any partial solution can be extended. More formally, let us consider an extra value ⊥, whose interpretation is that a node v with s(v) = ⊥ has not yet decided an output value in A. For a language L of radius t, a radius-t ball B is said to be partially good if B is resulting from a good ball by replacing the value of some of its node labels by ⊥. Let G = (V, E) ∈ F, and let s : V → A∪{⊥} for which all balls in (G, s) are partially good. Let U = {v ∈ V : s(v) = ⊥}, and let s : V → A be such that s (v) = s(v) for all nodes v ∈ V \ U . We call such a function s an extension of s. Let U be composed of all nodes in U whose balls in (G, s ) are good, and let s :
An LCL language L is greedily constructible if for every such G and s such that U = ∅, we have (1) there exists an extension s of s such that s = s, and, (2) for every extension s of s such that s = s, all balls in (G, s ) are partially good. For instance, k-coloring is greedily constructible for any k > ∆, while ∆-coloring is not (even in ∆-colorable graphs). MIS and maximal matching also fall into this class as long as we enforce that nodes (resp., edges) cannot decide by themselves not to enter the MIS (resp., matching), but can only do so after a neighbor has entered the MIS (resp., matching).
A generic randomized algorithm for LCL languages
The generic randomized construction algorithm for LCL languages described in this subsection is conceived for the classical local model of distributed computation [27] . Recall that this model assumes that all nodes start simultaneously, and perform synchronously in a sequence of rounds. At each round, every node exchanges information with its neighbors, and performs individual computations. This goes on at every node until the node decides some output value, and terminates. The nodes do not need to terminate at the same round. However, the output value of a terminated node is irrevocable. Our generic algorithm is described in Algorithm 1.
Algorithm 1
Generic algorithm executed at a node v.
set val(v) ∈ A compatible with ball(v), at random, according to a probability distribution D
5:
observe ball(v) 6: end while 7: return val(v)
In Algorithm 1, every node v aims at computing val(v) ∈ A. It starts with initial value val(v) = ⊥. At Step 2 node v collects the t-ball ball(v) around it, i.e., the values of all the labels of nodes at distance at most t from it, including the structure of the ball, where t is the radius of L. (This can be implemented in t rounds in the local model). At Step 3, node v checks whether the observed ball, ball(v), is good. If not, then Step 4 consists for v to select a random value val(v) ∈ A compatible with ball(v), i.e., with values of nodes in the ball fixed at previous rounds. The random choice of val(v) is governed by a probability distribution D, which may depend on the round, and on the structure of v's neighborhood as observed during the previous rounds. In the case of MIS, this choice essentially consists in choosing whether v proposes itself for entering the MIS, with probability p v . Luby's algorithm [19] 
is the degree of v in the graph, not counting the neighbors which already decided at previous rounds. Similarly, in the case of (∆ + 1)-coloring, the choice of val(v) essentially consists in proposing a color at random. Barenboim-Elkin's algorithm [3] sets the probability p c of proposing color c as For any greedily constructible language L, the algorithm terminates (i.e., all nodes return a value) as long as every value in A has non zero probability to be chosen, and the collective output
The performances of the algorithm (i.e., how many rounds it takes until all nodes terminate) however depends on the choice of the probability distributions D chosen by each node v ∈ V at each round. For instance, in the case of MIS, the algorithm converges if every node v proposes itself to enter the MIS with probability p v = 
A distributed game for LCL languages
Let L be a greedily constructible LCL language of radius t. L is associated to a game, that we call LCL game, and that we define as follows (for a more formal definition, see Section 5.1). Let G be a connected simple graph. Every node v of G is a rational and selfish player, playing the game with the ultimate goal of maximizing its payoff. Roughly, a strategy for a node v is a probability distribution D over the values in A compatible with the t-ball centered at v such as observed by v, employed at Step 4 in Algorithm 1, which may depend on the history of v during the execution of the algorithm.
As mention in the introduction, we want the payoff of the nodes to reflect the tension between the objective of every node to compute a global solution rapidly (for this global solution brings benefits to every node), and its objective of avoiding certain forms of solutions (which may not be desirable from an individual perspective). So, to define the payoff of a node, we denote by pref a preference function, which is an abstraction of how much a node will "suffer" in the future according to a computed solution. For instance, in the MIS game, for a computed MIS I, we could have, e.g., pref(I) = 1 from a node not in I, and pref(I) = 0 for a node in I. In general, for G = (V, E), we define pref : good(L) → R + by associating to each ball B ∈ good(L), the preference pref(B) of the center of ball B. The payoff function π v of node v at the completion of the algorithm is decaying with the number k of iterations of the while-loop in Algorithm 1 before the algorithm terminates. More precisely, we set π v = δ k pref(B v ) where 0 < δ < 1, B v is the t-ball centered at v returned by Algorithm 1, and k is the number of while-loop iterations performed by Algorithm 1 before all nodes in B v output their values. The choice of δ ∈ (0, 1) reflects the tradeoff between the quality of the solution from the nodes' perspective, and their desire to construct a global solution. Note that k is at least the time it took for v to decide a value in A, and at most the time it took for the algorithm to terminate at all nodes. If the algorithm does not terminate around v, that is, if the t-ball around v remains perpetually undecided in at least one of its nodes, then we set π v = 0.
The payoff of a node v will thus be large if all nodes in its t-ball decide quickly (i.e., k is small), and if the computed t-ball B v suits node v (i.e., pref(B v ) is large). Conversely, if v or another node in its t-ball takes many rounds before deciding a value (i.e., k is large), or if node v is not satisfied by the computed solution B v (i.e., pref(B v ) is small), then the payoff of v will be small. In particular, if pref(B) = pref(B ) for every good balls B and B , then maximizing the payoff is equivalent to completing the task quickly. Instead, if pref(B) is very small for some good balls B, then nodes might be willing to slow down the completion of the task, with the objective of avoiding being the center of these balls, in order to maximize their payoff. That is, such nodes may bias their distribution D towards preferred good balls, even if this is to the price of increasing the probability of conflicting with the choices of neighboring nodes, resulting in more iterations for reaching convergence.
As mentioned before, a strategy of a node at one iteration of Algorithm 1 is a distribution of probability over the values in A, which may depend on the history of the node at any point in time during the execution of Algorithm 1. Note that, at the kth iteration of the while-loop, every node v has acquired knowledge about its environment at distance kt in the actual graph, where t is the radius of the considered language. Importantly, the strategies depend only on the knowledge accumulated by the nodes along the execution of the algorithm. In particular, the fact that nodes might be given distinct identities, as in the local model, is ignored by the nodes to set their strategies, but used only for distinguishing the nodes in the network, in a way similar to the way classical randomized distributed algorithms perform. In fact, at the beginning of the algorithm, player v does not even know which node she will play in the network, and just knows that the network belong to some given graph family F.
A first question of interest is whether there a way to assign a strategy profile to the nodes so that no nodes will have incentive to deviate from their given individual strategies? In other words, do there exist Nash equilibria for LCL games?
3 The nature of LCL games 3.1 LCL games as forms of extensive games with imperfect information Table 1 surveys the existence theorems for equilibria in various game settings, from the finite strategic games to the extensive games with imperfect information. We restrict our attention to games with a finite number of players (for games with infinitely many players, see [26] ). Trembling hand equilibria are refinements of sequential equilibria, which are themselves refinements of subgame-perfect equilibria, all of them being Nash equilibria.
In Table 1 , we distinguish strategic games (i.e., 1-step games like, e.g., prisoner's dilemma) from extensive games (i.e., game trees with payoffs, like, e.g., monetary policy in economy). For the latter class, we also distinguish games with perfect information (i.e., every player knows exactly what has taken place earlier in the game), from the games with imperfect information. LCL games belongs to the class of extensive games with imperfect information, since a node plays arbitrarily Table 1 : A summary of main results about the existence of equilibria many times, and is not necessarily aware of the actions taken by far away nodes in the network.
In Table 1 , we also distinguish finite games (i.e., games with a finite number of pure strategies and finite number of repetitions) from games with infinite horizon (i.e., games which can be repeated infinitely often). The latter class of games is also split into games with finite numbers of actions, and games with infinite set of actions (like, e.g., when fixing the price of a product). LCL games belongs to the class of games with infinite horizon and finite action set: the horizon is infinite since neighboring nodes may perpetually prevent each other from terminating, and the action set A is supposed to be finite.
The previous work most closely related to our framework is [11] . Indeed, as was said before, LCL games are extensive games with imperfect information, and finite action set. Fudenberg and Levine [11] proved that every such game, under specific assumptions, has a sequential equilibrium (in behavioral strategies). The class of games for which this holds is best described as extensive games with observable actions, simultaneous moves, perfect recall and a finite action set, plus some continuity requirements. As a consequence, the result in [11] does not directly apply to LCL games. Indeed, first, in LCL games the actions of far-away nodes are not observable. Second, the imperfect information in [11] is solely related to the fact that players play simultaneously, while, again, in LCL games, imperfect information also refers to the fact that each node is not aware of the states of far away nodes in the network. Before showing how to extend [11] to LCL games, we discuss next of the types of equilibria which should be sought in the context of LCL games.
Nash equilibria do not capture efficient distributed computation
We consider two important notions of Nash equilibria: the weakest form of equilibrium is the eponym Nash equilibrium while the strongest form of Nash equilibrium is the trembling-hand perfect equilibrium. The following result indicates that the basic notion of Nash equilibria is too weak as far as the design of efficient algorithms for LCL tasks is concerned.
Proposition 1 For every k ≥ 1, there is an LCL game Γ (k) for a task solvable in at most r rounds with probability at least 1 − 1 2 r for every r ≥ 1, and a Nash equilibria for Γ (k) which systematically requires at least k rounds to converge.
Proof. We show that this negative result holds even for a task on the 2-node graph K 2 . Recall that, in a strategic game, a strategy s i of player i is strongly dominated by another strategy t i if, for every strategy profile s −i of the other players, the respective payoffs satisfy
for at least one strategy profile s −i . Dominated strategies are undesirable, and it is usually assumed that rational players never play dominated strategies. Neverthless, while Nash equilibria cannot contain strongly dominated strategies, they may contain weakly dominated strategies. The strategic game defined in Fig. 1(left) is an example of such an issue. We call this game the constrained coloring game. Each of the two players has choice between three frequencies, namely green (G), red (R), and blue (B). To maximize their payoffs, the players should better have one playing blue, and the other playing green. 2 ). The Nash equilibrium (R, R) is not realistic since the strategy R is weakly dominated by both G and B. We show that such weakly dominated strategy are generally undesirable in LCL games since they can have dramatic consequences on the convergence time of the algorithm.
Consider the LCL game played by two players linked by an edge, inspired from the strategic game constrained coloring of Fig. 1(left) . Every node has the choice between three colors: green, blue, and red. A radius-1 ball is good if and only if the two nodes have different colors. However, the cost of the good balls differ. A good ball including color red has low preference. All other good balls have higher preferences. Specifically, the two players have the same payoff function depending on their colors. At the first round, the payoffs are
• (2 − δ, 2 − δ) when one player is green and the other is blue, • (δ k , δ k ) when one player is red and the other green or blue, where δ ∈ (0, 1) is the discount factor of the game, and k is a positive integer parameter. In the case of a collision, another round of the game is played, and the payoffs are discounted by a factor δ. The tree structure of the game is represented in Fig. 2 , where the triangles are self-similar representation of the same tree, with payoff discounted by a multiplicative factor δ. The tree is thus infinite. The figure also describes the different payoffs after the first round.
As it can be read on Fig. 2 , if the players choose their actions among (R, G), (R, B), (G, R) and (B, R), then the game ends after the first round, and each player receives a payoff of δ k . If the players choose their actions among (G, B) and (B, G), then the game also ends, but each player receives a payoff of 2 − δ. Finally, if the players choose their actions among (R, R), (G, G) and (B, B), then game carries on, with payoffs discounted by a factor δ.
In this game, since each player is fully informed of the history of the play after any given round, a pure strategy of a player is simply an infinite sequence of actions. Let us denote by S the set of
Tree structure of the LCL game inspired by constrained coloring all pure strategies. A mixed strategy of a player is an infinite sequence of probability distributions over the set of actions {R, G, B}. Let us denote byŜ the set of all mixed strategies. From Kuhn's theorem [17] , it follows thatŜ is actually equal to the set of all probability distributions over S. We will pay particular attention to the strategies
which consist in playing the action R for the first l rounds, and then playing indefinitely the mixed strategy G+B 2 . All sequences are indexed from 0. For every sequence s, and for every positive integer i, the sequence s |i denotes the sequence resulting from s after removing the i first actions, and reindexing the actions (i, i + 1, . . . ) in s |i as (0, 1, . . . ). Let us now compute the equilibria in the LCL game induced by constrained coloring. We denote by Π : S 2 → R the expected payoff function of the game (note that the players always receive the same payoff). Fact 1 Let s ∈ S be a pure strategy. If R is never played in s, then Π(s 0 , s) = Π(s, s 0 ) = 1. Otherwise, let t be the first round in which the action R is played in s. We have
Indeed, if the first action in s is R, then the game ends in the first round, and Π(s, s 0 ) = δ k . So, let us assume that the first action in s is G or B. Then, with probability 1 2 , the game ends, and each player gets payoff 2 − δ. Similarly, with probability 1 2 , another round is played. Since s 0 |1 = s 0 , we get the following recurrence relation:
This recurrence yields
Fact 2 Let s ∈ S be a pure strategy. Let t be the first round at which action G or B is played in s, and let t be the first round at which action R is played in s |k .
Indeed, if the first action in s is G or B, then the game ends in the first round and Π(s, s k ) = δ k . Let us assume that the first action in s is R, then the next round is played, and Π(s, s k ) = δ(s |1 , s k |1 ). Fact 2 then follows from Fact 1.
Note that it was sufficient to establish the above facts for pure strategies since, for any two mixed strategiesŝ 1 andŝ 2 , there exist two pure strategies s and s in the support ofŝ 1 
The following fact follows from Fact 2, because s k is a best response to itself as it yields the highest payoff δ k .
Fact 3
The strategy profile (s k , s k ) is a Nash equilibrium.
Finally, the following completes our analysis of the LCL game induced by constrained coloring.
Fact 4
The strategy s k is (weakly) dominated by the strategy s 0 .
To see why the fact holds, let s ∈ S be a pure strategy and t be the first round in which the action R is played in s. Since δ < 1, we get δ k ≤ 1 − 1 − δ k δ The above claims are summarized in Fig. 1(right) , whereŝ represents any mixed strategy not in {s 0 , s k }. The strategy profile (s k , s k ) is a Nash equilibrium. For this strategy profile, the LCL game induced by constrained coloring requires at least k rounds to converge because both players systematically play action R for the first k rounds. On the other hand, The strategy profile (s 0 , s 0 ) allows convergence in constant expected number of rounds, and converges in at most r rounds with probability at least 1 − 1 2 r .
Trembling-hand perfect equilibria do capture efficient distributed computation
We have seen in Proposition 1 that focussing solely on Nash equilibria in a broad sense is not sufficient. Indeed, such equilibria can include weakly dominated strategies, and this may have a dramatic impact on the convergence time of the algorithm. Such problem can be eliminated by considering the stronger notion of trembling-hand perfect equilibrium (a subset of Nash equilibria). Indeed, recall that a trembling-hand perfect equilibrium of a game Γ is a Nash equilibrium which is the limit of Nash equilibria of perturbed games Γ , > 0, where Γ is essentially the game Γ but in which the players can set their strategies only up to some error . It is known that trembling-hand perfect equilibria avoid pathological scenarios in general extensive games [11, 30] , mostly because these equilibria never include weakly dominated strategies, as a weakly dominated strategy can never be a best response to a completely mixed strategy profile. In other words, in the perturbed game Γ , all players must give a probability at least to every action. For instance, in the perturbed LCL game for MIS, no nodes can systematically propose not to be in the MIS, and must propose to enter the MIS with probability at least at each round. Similarly, in the perturbed LCL game for (∆ + 1)-coloring, every color must have a probability at least to be proposed. As a third example, one can show that, for the LCL games Γ (k) , k ≥ 1, whose existences are established in the proof of Proposition 1, the trembling-hand perfect equilibria yield algorithms converging quickly. More specifically, we have the following:
Proposition 2 For all the LCL games Γ (k) , k ≥ 1, on the 2-node graph K 2 whose existences are established in Proposition 1, the trembling-hand perfect equilibria yield algorithms converging in at most r rounds, with probability at least 1 − 1 2 r , for any r ≥ 1.
Proof. Fig. 3 illustrates the notion of trembling-hand perfect equilibria for the LCL game constrained coloring defined in the proof of Proposition 1. In Fig. 3 , any point in the triangle BRG represents a distribution D of probability in the set {B, R, G} of colors. In Γ , these distributions are bounded to be at least away from the boundaries, hence they are inside the triangle with dotted line borders. In Γ , all equilibria correspond to strategy profiles where the strategy of every player stands on the bottom line marked in bold in this latter triangle. Hence, the Nash equilibrium (s k , s k ) cannot be the limit, when goes to 0, of equilibria in Γ . Indeed, the corner R cannot be the limit of points in the bold line, as this line actually converges to the line GB. Therefore, the undesirable Nash equilibrium (s k , s k ) is not a trembling-hand perfect equilibrium of the LCL game for constrained coloring. On the other hand, we know from Fact 4 that s k is weakly dominated by s 0 . In particular, the strategy profile (s 0 , s 0 ) is a trembling-hand perfect equilibrium for the game stated in Proposition 1, and this strategy profile allows the game to converge in a constant expected number of rounds.
In general, in a perturbed LCL game, no player can block the game for an arbitrarily long time by strictly refusing to select a solution that does not please it. Now, can we always guarantee the existence of trembling hand perfect equilibria in LCL games? In the next sections, we show that the answer to this question is positive.
Existence of trembling-hand perfect equilibria
In this section, for the purpose of establishing the existence of trembling-hand perfect equilibria for LCL-games, we extend the result of [11] by allowing actions of other players be not observable, which also requires to generalize the notion of rounds as well as the notion of imperfect information, such as used in [11] .
The rest of the section is dedicated to the proof of Lemma 1. We start by formally defining the model.
The Model
We focus our attention on extensive games with imperfect information. Our objective is to include infinite horizon in the analysis of such games. Recall that an extensive game Γ is a tuple (N, A, X, P, U, p, π), where:
• N = {1, . . . , n} is the set representing the players of the game. An additional player, denoted by c, and called chance, is modeling all random effects that might occur in the course of the game.
• A is the (finite) action set, i.e., a finite set representing the actions that can be made by each player when she has to play.
• X is the game tree, that is, a subset of A * ∪ A ω where A * (resp., A ω ) denotes the set of finite (resp., infinite) strings with elements in A, satisfying the following properties:
-the empty sequence ∅ ∈ X; -X is stable by prefix;
The set X is partially ordered by the prefix relation, denoted by , where x y means that x is a prefix of y, and x ≺ y means that x is a prefix of y distinct from y. The elements of X are called histories. A history x is terminal if it is a prefix of no other histories in X. In particular, every infinite history in X is terminal. The set of terminal histories is denoted by Z. If the longest history is finite then the game has finite horizon, otherwise it has infinite horizon. For every non-terminal history x, we denote by
the set of available actions after the history x.
• P is the player partition, i.e., a function P : X \ Z → N ∪ {c} that assigns a player to each non-terminal history. P (x) is the player who has to play after the history x. The sets P i = {x ∈ X \ Z : P (x) = i}, i ∈ N ∪ {c}, called player sets, form a partition of X \ Z.
• U is the information partition, that is, a refinement of the player partition whose elements are called information sets such that for every u ∈ U , and for every two histories x, y in this information set u, we have A(x) = A(y), i.e., the sets of available actions after x and y are identical. We can therefore define A(u) as the set of actions available after the information set u. Formally, A(u) = {a ∈ A : (x, a) ∈ X for every x ∈ u}.
For every history x, the information set containing x is denoted by u(x). We also define P (u) as the player who has to play after the information set u has been reached, and for every player i, the set U i = {u ∈ U : P (u) = i}. {U i , i ∈ N ∪ {c}} forms a partition of U . Information sets regroup histories that are indistinguishable to players. Since the player chance is not expected to behave rationally, we will simply put U c = {{x}, x ∈ P c }.
• p is a function that assigns to every history x in P c (the player set of the chance) a probability distribution over the set A(x) of available actions after the history x. This chance function p is supposed to be common knowledge among the players.
• π is the payoff function, that is, π : Z → R n assigns the payoff (a real value) to every player in N for every terminal history of the game. We assume that every payoff is in [−M, M ] for some M ≥ 0.
We introduce the concept of rounds in extensive games as follows.
Definition 1
The round function r of an extensive game assigns a positive integer to every non terminal history x, defined by r(x) = |Rec(x)| where Rec(x) = {x ∈ X | x ≺ x and P (x ) = P (x)}. We call r(x) the round of x. The round of a finite terminal history is the round of its predecessor, and the round of an infinite history z is r(z) = ∞. An extensive game Γ for which the round function is non decreasing with respect to the prefix relation, i.e y x ⇒ r(y) ≤ r(x), is said to be well-rounded.
Note that not every game is well-rounded, because two histories x and y such that x y do not necessarily verify P (x) = P (y). In a well-rounded game, since r is non decreasing, we have that for any non terminal history x, every player has played at most r(x) + 1 times before x. Moreover, every player which has played less than r(x) times before x will never play again after x.
Let u ∈ U i and u ∈ U i be two (non necessarily distinct) information sets of the same player i, for which there exist x ∈ u, x ∈ u , and a ∈ A(u ), such that (x , a) x. Recall that an extensive game is said to have perfect recall if, for every such i, u, u and a, we have:
The following lemma will allow us to safely talk about the round of an information set.
Lemma 2 Let Γ be an extensive game with perfect recall, and let x ∈ X and x ∈ X be two non terminal histories in the same information set u ∈ U . Then x and x have the same round.
Proof. We first observe the following. Let Γ be an extensive game with perfect recall, and let y ∈ X be a finite history. Let y ∈ X and y ∈ X for which there is u ∈ U such that y ∈ Rec(y) ∩ u and y ∈ Rec(y) ∩ u. Then y = y . Indeed, since both y and y are in Rec(y), we have that both are prefixes of y, and thus one of the two is a prefix of the other. Assume, w.l.o.g., that y ≺ y ≺ y (as, if y = y then we are done). Let a be the action such that (y , a) y . Since the game has perfect recall, there must exist a history y ∈ u such that (y , a) y . Thus y ≺ y ≺ y ≺ y. We can repeat the same reasoning for y and y as we did for y and y , so on and so forth. In this way, we construct an infinite strictly decreasing sequence of histories, which contradicts the fact that y is finite.
If both Rec(x) and Rec(x ) are empty, then x and x have the same round. Assume, w.l.o.g., that Rec(x) = ∅, and let y ∈ Rec(x). Let a be the action such that (y, a) x. Since the game has perfect recall, there exists y ∈ u(x ) such that (y , a)
x . Therefore y ≺ x and P (y ) = P (y) = P (x) = P (x ). It follows that y ∈ Rec(x ). Thus, for any y ∈ Rec(x), we have found an y ∈ Rec(x ). This mapping from Rec(x) to Rec(x ) is one to one. Indeed, let y 1 and y 2 in Rec(x), and let y 1 and y 2 in Rec(x ) be the corresponding histories. If y 1 = y 2 , then, since u(y 1 ) = u(y 1 ) and u(y 2 ) = u(y 2 ) = u(y 1 ), we get that y 1 ∈ Rec(x) ∩ u(y 1 ), y 2 ∈ Rec(x) ∩ u(y 1 ). It follows from the above observation that y 1 = y 2 . Thus the mapping is one-to-one, and hence r(x) ≤ r(x ). It follows that we also have Rec(x ) = ∅. Therefore, we can apply the same reasoning by switching the roles of x and x , which yields r(x ) ≤ r(x). Thus r(x) = r(x ).
Strategies, Outcomes and Expected Payoff
In this section, we first recall several basic concepts about extensive games with perfect recall. Without loss of generality, we restrict our attention to behavioral strategies since such strategies are outcome-equivalent to mixed strategies thanks to Kuhn's theorem [18] . The main objective of this section is to define the expected payoff function, which is novel for it is adapted to the infinite games.
Recall that the local strategy b i,u of a player i given the information sets u is a probability distribution over the set A(u) of actions available given this information set. The set of local strategies of player i for u is denoted by B i,u . The behavioral strategy b i of a player i is a function which assigns a local strategy b i,u to every information set u of this player. The set of all behavioral strategies of player i is denoted by B i . A strategy profile is a n-tuple of behavioral strategies, one for each player. The set of all strategy profiles is B = × i∈N B i . For each player i, we denote by B −i the set × j =i B j . Since B = B i × B −i = × i∈N B i , a strategy profile b can be identified in these different ways as b = (b i , b −i ) = (b 1 , b 2 , . . . , b n ). When every player plays according to a strategy profile b, the outcome of the game in entirely determined, in the sense that every history x has a probability ρ b (x) of being reached. For any strategy profile b and any history x = (a i ) i=1,...,k where k ∈ N ∪ ∞, the realization probability of x is defined by ρ b (∅) = 1, and
where x 0 = ∅, and, for every positive i ≤ k, x i = (a 1 , a 2 , . . . , a i ) . When the player is the chance, we simply identify its strategy with the chance function p: P ( We are now ready to define the expected payoff. Note that in a game with infinite horizon, there can be uncountably many terminal histories. Therefore the definition of the probability measure on Z requires some care. For any finite history x, let Z x be the set {z ∈ Z | x z}. Note that Z x might be uncountable. Let Σ be the σ-algebra on Z generated by all sets of the form Z x for some finite history x. For each strategy profile b, the measure µ b on Σ is defined by: for every set
This definition ensures that µ b is a probability measure because
Definition 2 Let π be a payoff function that is measurable on Σ. The expected payoff function Π assigns a real value Π(b) to every strategy profile b ∈ B, defined by
Note that each component of the expected payoff function is bounded by M , where M is the upper bound on every payoff. A game Γ whose payoff function π is measurable on Σ is said to be a measurable game. In the following, we always assume that the considered games are measurable.
-Equilibria and Subgame Perfection
We now show how to adapt the standard notion of -equilibria (cf., e.g., Radner [28] ) to infinite games (again, Nash equilibrium is a special case of -equilibrium, with = 0). Recall that a strategy profile b is a -equilibrium if and only if, for every player i, and every behavior strategy b i ∈ B i of this player, we have
Similarly, we recall the notions of subgames and subgame perfect equilibria (see, e.g., [29] ). A subtree X of X is said to be regular if no information sets contain both a history in X and a history not in X . To each regular subtree X is associated a game Γ = (N, A, X , P , U , p , π ), where P , U , p and π are the restrictions of P , U , p and π to X , called a subgame. The notions of outcomes and expected payoff functions for subgames follow naturally. Specifically, Definition 3 A strategy profile b is a subgame perfect -equilibrium of an infinite game Γ if and only if, for every subgame Γ , the restriction of b to Γ is an -equilibrium.
Note that a subgame perfect -equilibrium of Γ is an -equilibrium since Γ is a subgame of itself.
Metrics
In this section, we now define specific metrics on the set O of feasible outcomes, and on the set of behavior strategy profiles. These definitions are inspired from [11] , with adaptations to fit our infinite setting.
Definition 4 Let ρ 1 , ρ 2 ∈ O be two feasible outcomes of the same extensive game Γ. We define the following metric d on O:
where r(x) is the round of the finite history x.
Lemma 3 The function d : O × O → R of Definition 4 is indeed a metric.
Proof. We first show that d satisfies the triangle inequality. Let ρ 1 , ρ 2 and ρ 3 be three feasible outcomes of Γ. For any finite history x we have the following:
Next, we prove that d separates different outcomes. Let ρ 1 and ρ 2 be two feasible outcomes such that d(ρ 1 , ρ 2 ) = 0. By definition, this implies that, for every finite history x, we have ρ 1 (x) = ρ 2 (x). Let b 1 and b 2 be two strategy profiles such that ρ 1 = ρ b 1 and ρ 2 = ρ b 2 . Let x = (a k ) k≥1 be an infinite history, and, for k ≥ 1, let x k = (a 1 , a 2 , . . . , a k ) be the corresponding increasing sequence of its prefixes. By definition, ρ b 1 (x) is the limit for k → ∞ of the sequence ρ b 1 (x k ), and
for k → ∞ as well. Since the two sequences are equal they have the same limit, and therefore ρ 1 (x) = ρ 2 (x). Since this is true for any infinite history x, it follows that ρ 1 = ρ 2 .
We can then use d to define a metric on behavioral strategy profiles as follows. Let b 1 , b 2 ∈ B be two behavioral strategy profiles of the same game Γ. We define the metric d on B by:
Finally, we define the continuity of the expected payoff function using the sup norm over R n . Specifically, the expected payoff function Π is continuous if, for every sequence of strategy profiles (b k ) k≥1 and every strategy profile b, we have
We then say that an extensive game Γ is continuous if its expected payoff function is continuous.
Perturbed Games and Perfect Equilibria
In this section, we extend the classical notion of trembling-hand perfect -equilibria to infinite games, generalizing [30] . We start by revisiting the notion of a perturbed game in the context of infinite games. A perturbed gameΓ is a pair (Γ, η), where Γ is an extensive game and η is a function which assigns a positive probability η u (a) to every action a available after the information set u such that ∀u ∈ U,
The perturbed gameΓ is to be interpreted as a restriction of the game Γ in the following sense. The probability η u (a) is the minimal probability that player P (u) can assign to the action a in his local strategy at information set u. Therefore we define the set of strategies of the perturbed game as follows. In the perturbed gameΓ, a local strategyb i,u of a player i at one of its information sets u is a probability distribution over the set A(u) of actions available at this information set satisfying:
The set of local strategies of player i at the information set u in the perturbed gameΓ is denoted byB i,u . Note thatB i,u is not reduced to a single strategy thanks to Eq. (1).
From the above, we can define the setB i of behavioral strategies of player i, the setB of strategy profiles, and the notion of -equilibria of a perturbed game in the same way as for regular extensive games.
Definition 5 A strategy profile b * is a trembling hand perfect -equilibrium of Γ if 1. there exists a sequence (Γ k ) = (Γ, η k ), k ≥ 1, of perturbations of Γ such that η k → 0 when k → ∞ (where η k → 0 means that, for every player i, every information set u ∈ U i , and every action a ∈ A(u), η k u (a) → 0), and 2. there exists a sequence of -equilibriab k of these perturbed games such thatb k → b * when k → ∞ (whereb k → b * in the sense of the metric on behavioral strategy profiles).
Such a sequence (Γ k ) k≥1 of perturbed games is called a test sequence for Γ.
The next lemma shows that the notion of trembling hand perfect -equilibrium is a refinement of the notion of subgame perfect -equilibrium.
Lemma 4 Every trembling hand perfect -equilibrium of a continuous game is a subgame perfect -equilibrium.
Proof. We first show that every trembling hand perfect -equilibrium of a continuous game is an -equilibrium. Let b * , Γ,Γ k andb k be as in Definition 5. Sinceb k are -equilibria of the gamesΓ k , the following holds:
Let B m i be the intersection of allB k i with k ≥ m. Then we have:
Since Π is assumed to be continuous, these inequalities remain valid if on both sides, we take the limits for k → ∞:
This holds for every m. The closure of the union of all B m i is B i . Since Π is continuous, this yields:
Moreover, every -equilibrium of a perturbed game is subgame perfect. Indeed, this follows from the fact that in a perturbed game, every subgame is reached with a strictly positive probability.
We now have all the ingredients to establish the lemma. Let b * be a trembling hand perfect -equilibrium of the game Γ andb k a sequence of equilibria of the test sequenceΓ such thatb k → b * .
Every subgame Γ of Γ induces a sequence of subgamesΓ k of the test sequence. Since everyequilibrium of a perturbed game is subgame perfect, it follows that the sequenceb k induces a sequence of equilibriab k of these pertubed subgames, which converges to b * , the strategy profile induced by b * on Γ . Therefore b * is a trembling hand perfect -equilibrium of Γ , which proves that b * is subgame perfect since every trembling hand perfect -equilibrium of a continuous game is an -equilibrium.
Truncated Games and Induced Equilibria
The goal of this section is to introduce the concept of truncation of an infinite game, and to draw links between equilibria of the truncated (finite) game and the equilibria of the corresponding infinite game. The purpose of truncation is to deal with finite game that are easier to handle than infinite ones. The material in this section is a generalization of [11] to extensive games (the original paper [11] only applies to repeated games). For every well-rounded extensive game Γ = (N, A, X, P, U, p, π) with perfect recall, and for every positive integer t, we define the truncated game Γ t = (N, A, X t ,P ,Ũ ,p,Π) as follows.
• X t is the set of all histories x ∈ X of round at most t. The set of terminal historiesZ of Γ t is defined as the set of all histories with a predecessor in X t and no successor in X t .
•P ,Ũ andp are the restrictions of P , U , and p to X t . Note that these restrictions do not break information sets thanks to Lemma 2.
• Strategies and strategy profiles of Γ are mapped to strategies and strategy profiles of Γ t as follows.
-Every strategy profile b of Γ is mapped to a strategy profileb of Γ t obtained by the restriction of b to the information sets in X t . The set of strategy profiles of Γ t is denoted byB. The strategy profileb is said to be induced by b.
-Conversely, every strategy profileb of Γ t is mapped to the strategy profile b of Γ defined by * b i,u =b i,u for every information set u ∈Ũ and every player i,
|A(u)| for every information set u / ∈Ũ , every player i and every action a (i.e., b i,u is a uniform distribution).
The strategy profile b is said to be induced byb.
Note that the first induction mapping is not necessarily one-to-one, while the second is not necessarily onto.
• In order to define the new payoff functionπ over the setZ, we rather define it implicitly, via the expected payoff functionΠ which is set such that, for any strategy profileb ∈B that induces b ∈ B, we haveΠ(b) = Π(b).
Lemma 5
In a continuous well-rounded game with perfect recall Γ, a strategy profile b * is an -equilibrium if and only if there exists sequences k , t k and b k such that for every k, b k is an k -equilibrium in Γ t k and as k goes to infinity,
Proof. Given a game Γ, for every t ≥ 1, let
whereb 1 =b 2 stands for the fact that b 1 and b 2 induce the same strategy profiles over the truncated game Γ t . Note that w t ≤ 2M for every t ≥ 1.
To establish the claim, let b 1 and b 2 be two strategy profiles of Γ which induce the same strategy profiles over Γ t . This implies that for any history x of round at most t and any deviation b i of some player i, the relations
Therefore by the definition of the metric d on feasible outcomes (cf. Definition 4) and its extension to behavioral strategy profiles, we have d(b 1 , b 2 ) ≤ 2 −(t+1) . Therefore:
And since Γ is continuous,
This completes the proof of Claim 1.
Claim 2 Let Γ be a well-rounded game with perfect recall and Γ t its truncation. We have that:
1. Any -equilibriumb * in Γ t induces a ( + w t )-equilibrium in Γ.
2. Any -equilibrium b * in Γ induces a ( + 2w t )-equilibrium in Γ t .
To establish the first item of the claim, letb * be an -equilibrium in Γ t wich induces b * in Γ. Let i be a player, b i ∈ B i a deviation of this player in Γ,b i the deviation it induces in Γ t and b i the deviation induced byb i in Γ. Sinceb * is an -equilibrium in Γ t , we obtain that
By definition ofΠ, the following holds:
Furthermore, by definition of w t , we have
We eventually arrive at
Which proves that b * is a ( + w t )-equilibrium, since i is any player and b i is any deviation in B i .
To establish the second item of Claim 2, let b * be an -equilibrium in Γ,b * the strategy profile it induces on Γ t , and b * the strategy profile induced byb * on Γ. Let i be a player,b i ∈B i a deviation in Γ t and b i the deviation it induces in Γ. Because b * is an -equilibrium, we have:
By definition ofΠ, we have:
And by definition of w t :
The above relations put together eventually gives us:
Wich proves thatb * is a ( + 2w t )-equilibrium in Γ t . This completes the proof of Claim 2. Note that Claim 2 applies to perturbed games as well, as long as induced strategy profiles verify the constraints of the minimal probabilities.
Claim 3 Let b k be a sequence of -equilibria of a continuous well-rounded game with perfect recall Γ such that b k → b * . Then b * is also an -equilibrium of Γ. In other words, for every , the set of -equilibria of such a game is closed.
To establish the claim, suppose that b * is not an -equilibrium of Γ. Therefore for some player i and some δ > 0, there exists a deviation b i ∈ B i such that:
By continuity of Π, we have for a large enough k:
Substracting the two above inequalities to the previous one yields:
which contradicts the premise that b k is an -equilibrium. This completes the proof of Claim 3.
We have now all ingredients to prove the lemma. Assume first that b * is an -equilibrium in Γ and define b k to be the strategy profile induced by b * on Γ k and b k induced by b k on Γ. By Claim 2, for every k, b k is a ( + 2w k )-equilibrium in Γ k , and by Claim 1,
Conversely, assume now that there exists such sequences k , t k and b k . By Claim 2, for every k, the strategy profile b k induced by b k on Γ is an ( k + w t k )-equilibrium in Γ. Since Γ is continuous, we know by Claim 1 that ( k + w t k ) → . For every δ > 0, we have for every k large enough k + w t k ≤ + δ. By Claim 3, this implies that b * is a ( + δ)-equilibrium. Since this is true for every δ > 0, we have shown that b * is an -equilibrium in Γ.
Truncation of Perturbed Games
The goal of this section is to extend the results of the previous section to trembling hand perfect -equilibria (instead of just for -equilibria). We define what is the truncation of a perturbed game in a straightforward way: for every perturbed gameΓ = (Γ, η) and every positive integer t, the truncated perturbed gameΓ t is (Γ t ,η), whereη is simply the restriction of η to X t .
Lemma 6
In a continuous game Γ, a strategy profile b * is a trembling hand perfect -equilibrium if and only if there exists sequences k , t k and b k such that for every k, b k is a trembling hand perfect k -equilibrium in Γ t k , and, as k goes to infinity,
Proof. We first show the following.
Claim 4 Let Γ be a continuous game and Γ t its truncation.
1. Any trembling hand perfect -equilibriumb * in Γ t induces a trembling hand perfect ( + w t )-equilibrium in Γ.
2. Any trembling hand perfect -equilibrium b * in Γ induces a trembling hand perfect ( + 2w t )-equilibrium in Γ t .
For proving the first item of Claim 4, letb * be a trembling hand perfect -equilibrium in Γ t . By definition of a trembling hand perfect equilibrium, there existsb k a sequence of -equilibrium of a test sequenceΓ k t = (Γ t ,η k ) of the game Γ t , such thatb k →b * . This test sequence can be extended into a sequence of infinite gamesΓ k = (Γ, η k ) by choosing the same minimal probabilities for any information set of round at most t, and for every information set u of round greater than t and any action a ∈ A(u), define η k u (a) = 2 −k |A(u)| . Therefore the sequenceΓ k is by definition a test sequence of Γ. Furthermore, η k was defined such that Claim 2 applies: the strategy profiles b k induced bỹ b k are therefore ( + w t )-equilibria ofΓ k t . We also have that b k is induced byb k , b * is induced byb * andb k →b * , therefore b k → b * . This proves that b * is a trembling hand perfect ( + w t )-equilibrium of Γ.
For proving the second item of Claim 4, let b * be a trembling hand perfect -equilibrium in Γ. By definition, there exists a sequence b k of -equilibria of a test sequenceΓ k of Γ such that b k → b * . For k large enough, the following is true: Claim 5 Let b k be a sequence of trembling hand perfect -equilibria of a game Γ such that b k → b * . Then b * is also a trembling hand perfect -equilibrium of Γ.
Indeed, for every k, since b k is a trembling hand perfect -equilibrium, there exists a sequence b k,n of -equilibria of a test sequenceΓ n of Γ, such that b k,n −→ n ∞ b k . The sequence b k,k ofequilibria of the test sequenceΓ k converges to b * , thus proving that it is a trembling hand perfect -equilibrium of Γ.
The proof of the lemma is then identical to the proof of Lemma 5, by replacing Claims 2 and 3 with Claims 4 and 5, respectively.
Proof of Lemma 1
We have now all the ingredients to prove that, as stated in Lemma 1 every infinite, continuous, measurable, well-rounded, extensive game with perfect recall and finite action set has a trembling hand perfect equilibrium. First observe that the set of strategy profiles B of an extensive game Γ with a finite action set is sequentially compact. Indeed, let Γ be a game with a finite action set A. For every player i and every information set u, the set of local strategies B iu is a simplex in the space R A(u) , and therefore it is sequentially compact. Because a countable product of sequentially compact spaces is sequentially compact,
is sequentially compact. Indeed, there are countably many finite histories in any game with a finite action set, therefore there are also countably many information sets.
Consider now a (possibly infinite) continuous well-rounded extensive game Γ with perfect recall and a finite action set, and consider the corresponding sequence of truncated games Γ k . Selten [30] has shown in 1975 that every finite extensive game with perfect recall has a trembling hand perfect equilibrium. By this result, every game Γ k has a trembling hand perfect equilibrium that we call b k . We call b k the sequence of strategy profiles induced by b k in the game Γ. Because B is sequentially compact, we can extract a convergent subsequence b t k and we call b * its limit. Lemma 6 shows that b * is a trembling hand perfect equilibrium of Γ. We say that Γ is a symmetric game if it satisfies the following requirements.
(1) For every player i, there exist a bijection type i : U i → [1.
.I] such that for every two players i and i and two information sets u ∈ U i and u ∈ U i such that type i (u) = type i (u ), we also have A(u) = A(u ) and actions i (u) = actions i (u ). (2) For every two players i and i , we define the relation R i,i on strategy profiles: For every two strategy profiles b and b , we have b R i,i b if and only if, for every positive integer k, b i,type
and b i,type
and, for every player j different from i and i , b j = b j . To be symmetric, Γ must satisfy that, for every two players i and i and every two strategy profiles b and b such that b R i,i b , we have
. In a symmetric game Γ, we say that a profile of strategies b ∈ B is symmetric if and only if for every two players i and i , b R i,i b. Since a limit of a sequence of symmetric strategy profiles is symmetric, we can derive that b * is a symmetric trembling-hand perfect equilibrium.
Existence of efficient robust algorithms for LCL games
The hypotheses regarding the topological nature of the strategy, and on the nature of the payoff function (continuity, measurability, etc.) are standard in the framework of extensive games. The notion of well-rounded game is new, and used to capture the fact that the nodes play in rounds in an LCL game. The fact that the equilibrium is symmetric is crucial since, in LCL games, as in randomized distributed computing in general, the instructions given to all nodes are identical, and the behavior of the nodes only vary along with the execution of the algorithm when they progressively discover their environment. We show that LCL games satisfy all hypotheses of Lemma 1, from which we get our main result as stated in the introduction:
Theorem 1 Let L be a greedily constructible locally checkable labeling. The LCL game associated to L has a symmetric trembling-hand perfect equilibrium.
The rest of the section is dedicated to the proof of the theorem. We start by formally defining LCL games.
Formal Definition of a LCL Game
Let A be a finite alphabet, F a family of graphs with at most n vertices, D a probability distribution over F, and L a greedily constructible LCL language over F. Let t be the radius of L and good(L) be the set of good balls in L. Let pref : good(L) → [0, M ], for M > 0, be a function representing the preferences of the players over good balls and δ ∈ (0, 1) a discounting factor. We define the game Γ(L, D, pref, δ) = (N, A, X, P, U, p, π) associated to the language L, the distribution D, the preference function pref, and the discounting factor δ, as follows.
• The player set is N = {1, . . . , n}.
• The action set is A ∪ F where the actions in F are only used by the extra player Chance in the initial move, and the actions in A are used by the actual players.
• The first move of the game is made by Chance (i.e P (∅) = c). As a result, a graph G ∈ F with a mapping of the players to the nodes of G is selected at random according to the probability distribution D. From now on, the players are identified with the vertices of the graph G, labeled from 1 to n. Note that F might be reduced to a single graph, e.g., F = {C n }, and Chance just selects which vertices of the graph will be played by which players.
• The game is then divided into rounds (corresponding to the intuitive meaning in synchronous distributed algorithms). At each round, the active players play in increasing order, from 1 to n. At round 0 every player is active and plays, and every action in A is available.
• At the end of each round (i.e., after every active player has played the same number of times), some players might become inactive, depending on the actions chosen during the previous rounds. For every i ∈ N , let s(i) denote the last action played by player i, which we call the state of i, and let ball(i) denote the ball of radius t centered at node i. Every player i such that ball(i) ∈ good(L) at the end of a round becomes inactive.
• In subsequent rounds, the set of available actions might be restricted. For every round r > 0, and for every active player i, an action a ∈ A is available to player i if and only if there exists a ball b ∈ good(L) compatible with the states of inactive players in which s(i) = a.
• A history is terminal if and only if either it is infinite or it comes after the end of a round and every player is inactive after that round.
• Let x be a history. We denote by actions i (x) the sequence of actions extracted from x by selecting all actions taken by player i during rounds before r(x). (The action possibly made by player i at round r(x), and actions made by a player j = i are not included in actions i (x)).
• Let x and y be two non terminal histories such that P (x) = P (y) = i. Then x and y are in the same information set if and only if for every j ∈ ball(i), we have actions j (x) = actions j (y).
This can be interpreted by saying that a player i "knows" every action previously taken by any player at distance at most t.
• Let i be a player, and let z be a terminal history. We define the terminating time time i (z) of player i in history z by time i (z) = max{|actions j (z)|, j ∈ ball(i)} − 1.
The payoff function π of the game is then defined as follows. For every player i, and every terminal history z, π i (z) = δ time i (z) · pref(ball(i))
And π i (z) = 0 if time i (z) = ∞.
Properties of LCL Games
Fact 5 LCL games are well-rounded.
Proof. This follows directly from the fact that, in a LCL game, every active player plays at every round until it becomes inactive, and, once inactive, a player cannot become active again.
Fact 6 LCL games have perfect recall.
Proof. Let Γ(L, D, pref, δ) = (N, A, X, P, U, p, π) be an LCL game. Let u and u be two information sets of the same player i, for which there exists x ∈ u, x ∈ u and a ∈ A(u ), such that (x , a) x. Let y be a history in u. Since x and y are in the same information set u, it follows that, for every player j ∈ ball(i), we have actions j (x) = actions j (y). In particular, this implies that x and y are in the same round. Let y be the only history which is a prefix of y with P (y ) = i and r(y ) = r(x ).
(Such a history exists because r(x ) < r(x) and r(y) = r(x)). Since the players play in the same order at every round, we get that, for every player j ∈ ball(i), actions j (x ) = actions j (y ). Therefore y ∈ u . Furthermore, since actions i (x) = actions i (y), the action played by i after y must be a, which implies (y , a) y, and concludes the proof.
Fact 7
The payoff function π of a LCL game is measurable on the σ-algebra Σ corresponding to the game.
Proof. We prove that, for every player i and every a ∈ R, π i (]a, +∞[) = ∅ ∈ Σ. So, let us assume that a ∈]0, 1] and let z be a terminal history such that π i (z) > a, which implies that time i (z) < ln a ln δ , i.e every player in ball(i) has played only a finite number of times in the history z. Let x be the longest history such that x z and r(x) = time i (z). Then the history x that comes just after x in z is the shortest prefix of z such that every player in ball(i) is now inactive. Let z be a terminal history such that x z . Since every player j ∈ ball(i) is inactive after x , it follows that the state of any such player in z is the same as its state in z. Therefore π i (z ) = π i (z). It follows from the above that, for any terminal history z such that π i (z) > a, there exists a finite history x in round time i (z) + 1 such that z ∈ Z x ⊆ π It follows that for any set of the form Z x as defined in subsection 4.2,
In other words the sequence of measures µ b k strongly converges to µ b . Since, for every player i, the function π i is measurable and bounded, it follows that
, and thus the expected payoff function Π is continuous.
Proof of Theorem 1
The above claims show that every LCL game satisfies the requirements of Lemma 1, and therefore has a symmetric trembling-hand perfect equilibrium.
Conclusion
The objective of this paper is to address the issue of selfish behaviors in the context of distributed network computing. Theorem 1 establishes that distributed algorithms coping with selfishness do exist for a large fraction of locally checkable labeling tasks. This result is the necessary first step toward designing distributed algorithms in which the players have no incentive to deviate from their given instructions. One direction for further research consists in looking for efficient (centralized) algorithms for computing the equilibria, as as well as (distributed) protocols leading the nodes to automatically adopt the desired behavior, i.e., the one with highest social benefit, either in term of converging time or quality of the solution, potentially using incentives. Another question for further studies is to measure the efficiency of trembling-hand Nash equilibria for LCL games in term of round-complexity. Apart from a few special cases, like, e.g., complete networks, these issues are challenging problems, but quite rewarding both theoretically and practically. Finally, from a broader perspective, it would be desirable to characterize efficient distributed algorithms in terms of a suitable notion of equilibrium in (extensive form) games.
